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Exploiting the two-point measurement statistics, we propose a quantum measurement scheme of current with
limited resolution of electron counting. Our scheme is equivalent to the full counting statistics in the long-
time measurement with the ideal resolution, but is theoretically extended to take into account the resolution
limit of actual measurement devices. Applying our scheme to a resonant level model, we show that the limited
resolution of current measurement gives rise to a positive excess noise, which leads to a deviation from the
Johnson-Nyquist relation. The deviation exhibits universal single-parameter scaling with the scaling variable
Q ≡ SM/S0, which represents the degree of the insufficiency of the resolution. Here, S0 is the intrinsic noise,
and SM is the positive quantity that has the same dimension as S0 and is defined solely by the measurement
scheme. For the lack of the ideal resolution, the deviation emerges for Q < 1 as 2 exp[−(2pi)2/Q] having
an essential singularity at Q = 0, which followed by the square root dependence
√
Q/4pi for Q ≫ 1. Our
findings offer an explanation for the anomalous enhancement of noise temperature observed in Johnson noise
thermometry.
PACS numbers: 73.63.-b, 72.70.+m
I. INTRODUCTION
In general, an ordinary realistic measurement can also be
regarded as an information transfer process between the tar-
get system and us via a measurement device, where our avail-
able information depends on all of them. A study on the de-
vice limitations, therefore, contributes to an understanding of
what information is really available in the measurement pro-
cess. Measurement of a current is one of the most standard
techniques to obtain the intrinsic information about the tar-
get system in the condensed matter physics. Theoretically,
the probability distribution of transferred charge obtained in a
current measurement is described by the full counting statis-
tics, that was first proposed by Levitov and Lesovik1,2 and
then has been established in the last two decades. Most of
theoretical studies, however, focus on the ideal measurement
(see Refs 3,4 and references therein) and only a few of studies
deal with the influence of the device limitations5–7.
When ideal current measurements are conducted, the uni-
versal relation is satisfied between the linear conductance and
current noise, i.e. the Johnson-Nyquist (J-N) relation8,9. The
J-N relation is an early significant example of the fluctuation-
dissipation theorem10,11, and provides a proportional relation
between the variance of a fluctuating current through a con-
ductor, i.e. current noise, and the conductance as
S0|V=0 = 2kBTG0, (1)
where T is the temperature of the conducting electrons, kB
is the Boltzmann constant, S0|V=0 represents the equilibrium
noise, and G0 ≡ limV→0 dI0/dV reads the linear response of
the averaged current I0 to applied bias voltage V , respectively.
In addition to its importance in fundamental physics, the J-
N relation also has a practical significance in thermometry12.
Since the temperature can be determined by measuring only
S0|V=0 and G0, the Johnson noise thermometry has been ex-
ploited in rapidly developing noise measurements of nanosys-
tems from which we obtain the useful information about the
low-energy excitations in the quantum systems13–21 and con-
firm the steady state fluctuation theorem22–24.
When a sample is placed in a dilute refrigerator, however,
the noise temperature determined from the J-N relation, TJN,
is sometimes higher than the temperature of the refrigera-
tor independently measured with a resistance thermometer,
Tref
19,24
. The discrepancy has been recognized since early
1970s25, and attributed to a heat leak to the sample in the re-
frigerator19,25. Since an increasing discrepancy is observed
only at very low temperatures above which TJN ≃ Tref is sat-
isfied, it is generally agreed that the measured noise is prop-
erly calibrated and TJN represents the actual electron temper-
ature24. The seemingly correct interpretation, however, does
not include consideration of the possibility of an extrinsic
noise enhancing only at such very low temperatures.
In this paper, we theoretically investigate the influence of
resolution, (in other words the smallest detectable change in
measurement), on the current measurement, which at least
qualitatively accounts for the discrepancy. The resolution fun-
damentally limits the available information in the measure-
ment process, which must affect the observed fluctuation and
noise. In fact, the limited resolution gives rise to an enhance-
ment of the extrinsic noise only at very low temperatures as
discussed in the Sec. V.
Before going into the detail, we briefly explain our formal-
ism and main results. To understand the resolution effects on
the current measurement, we exploit the two-point measure-
ment statistics proposed by Esposito, Harbola, and Mukamel4.
They calculated the probability distribution of the particle-
number change n ≡ N ′ − N taking place in a part of the
system in a measurement time T . N and N ′ read the par-
ticle numbers of the part at t = 0 and t = T , respectively,
which are given by the projective measurement in the basis of
the particle-number operator, Nˆpart. Note that the equation
of continuity connects n with the net current flowing into the
part. n can be any integer, which means that the electrons in
current are ideally distinguished, one by one. We extend their
scheme of current measurement to take into account a limited
2FIG. 1: (color online). Schematic illustration of resonant level
model. The ε0-level is coupled to two reservoirs A and B be-
tween which the bias voltage V is applied. ΓA(B) reads the char-
acteristic frequency of the electron transfer between the level and
the reservoir A(B). µA(B) represents the chemical potential of the
reservoir A(B). We take µA = 0 and µB = eV . We introduce
Γ
−1 ≡ [(ΓA + ΓB)/2]−1 and r ≡ ΓAΓB/Γ 2 as the characteristic
time scale and the degree of asymmetry of the couplings, respec-
tively.
resolution ∆. In other words, we study a coarse-graining of
the available information on current. ∆ is introduced in the
particle-number measurements at t = 0 and T , which are de-
scribed by projection operators parameterized by an integer k,
{Pˆ partk (∆)}, where
Pˆ partk (∆) ≡
∫ χk+∆2
χk−
∆
2
dxδ(x − Nˆpart). (2)
Here, χk ≡ χ0+k∆ is the outcome of the measurement where
χ0 is the zero-point deviation. In our scheme, n ≡ χk′−χk =
(k′−k)∆ is the available outcome and can be any multiple of
∆, which means that∆-particles are required for the detection
of the change in n at least.
Our scheme is described by a positive operator-valued mea-
sure26,27 (POVM) measurement characterized by two mea-
surement parameters, T and ∆. It is noteworthy that the
scheme is reduced to that of Esposito et al.4 and the full count-
ing statistics proposed by Levitov and Lesovik1,2 in the case
of ∆ = 1 with a long T in comparison with the characteristic
time scale of the transport in the target system.
Since the available information depends on the measure-
ment device, it is important to explain what is our intended
device. As a model for actual galvanometers, Levitov and
Lesovik introduced a precessing 1/2 spin, which measures a
current indirectly via the induced magnetic field2: The pre-
cession angle is proportional to the net charge transferred near
by the spin for a measurement time, T . Our scheme is, there-
fore, expected to take into account the essence of a conven-
tional current-measuring device including the function of a
galvanometer, which requires ∆-electrons at least during a
time T to work. Note that in our scheme, most of the electrons
can move without disturbance by projection during the mea-
surement because T is usually much longer than the micro-
scopic time scale of electrons. In contrast to the conventional
current measurement, a newly developing charge-sensing de-
vice, a quantum-point-contact detector, works in a differ-
ent way and gives us a real-time detection of a charge state
Q
Q -1
FIG. 2: (color online). Ratio of excess and intrinsic noises
〈∆S〉δ/S0 in the thermal equilibrium state (V = 0) as a function of
Q ≡ SM/S0 for several choices of (T ,∆), where SM ≡ (e∆)2/T .
The other parameters are fixed at ε0 = 0 and r = 1. The black solid
line indicates the universal exponential A exp[−γ/Q], with A = 2
and γ = (2pi)2 estimated from Eq. (33). The dashed line represents
the square root dependence B
√
Q, where B = 1/
√
4pi determined
from Eq. (34). The inset shows the linear dependence of the loga-
rithm of the ratio on Q−1.
by projecting the system to the charge diagonal state5,6,28–31.
Namely, our scheme describes the conventional current mea-
surement device but the newly developing one.
Applying the extended two-point measurement scheme to
the current through a resonant level depicted in Fig. 1, we
show that the limited resolution gives rise to the departure
of the measured noise S from the intrinsic one S0 while the
measured current I is unchanged at I0. The excess noise,
〈∆S〉δ = S−S0, is positive and shows an anomalous temper-
ature dependence, which can make the usual empirical method
of noise calibration32 unjustified19,24,25. Note that 〈∆S〉δ is
explicitly evaluated by using Eq. (25). Hence, the J-N rela-
tion can be violated between the measured noise S and mea-
sured conductanceG ≡ limV→0 dI/dV in the practical cases,
which causes a discrepancy between TJN and Tref at low tem-
peratures. The deviation from the J-N relation between S and
G caused by the limited resolution is represented by,
S|V=0
2kBTG
− 1 = 〈∆S〉δ
S0
∣∣∣
V=0
≥ 0. (3)
It is remarkable that the ratio of noises obeys a scaling law
with the scaling variable Q ≡ SM/S0 as seen in Fig. 2, where
SM ≡ (e∆)2/T is the characteristic noise determined solely
from the measurement scheme. The scaling function exhibits
the universal exponential dependence for Q < 1 having the
essential singularity at Q = 0 with increasing from zero to
unity, and shows a crossover to an algebraic increase or a con-
stant at Q > 1. From the scaling law, we find that S0 is not
detectable in noise experiments when S0 is much smaller than
SM, Q ≫ 1. Since ∆0 ≡
√
S0T /e is the standard deviation
of the transferred particle number counted with the ideal reso-
lution, it means the average number of particle involved in the
3measurement for V = 0. The enhanced deviation for large
Q = (∆/∆0)
2 is, therefore, consistent with our intuition that
the resolution error of noise should be more profound in the
case that only a few particles are involved. Although the above
discussion of scaling is based on the specific model, essen-
tially the same scaling relation is expected be satisfied for an
arbitrary mesoscopic conductor coupled to normal reservoirs,
as will be discussed in Sec. IV. The experimental anomalous
enhancement of noise at low temperatures can be understood
by the scaling behavior: The excess noise being irrelevant at
high temperatures becomes profound at low temperatures be-
cause Q increases with decreasing the temperature. Note that
there are other known noise sources that make the violation
of the J-N relation, e.g. the background noise. The noises
coming from the sources, however, can be calibrated by using
the empirical method because of their trivial temperature de-
pendences accounted for by circuit theory32 and do not give
an explanation for the observed discrepancy between TJN and
Tref .
The plan of the paper is the following. In Sec. II we formu-
late the resolution of the current measurement exploiting the
two-point measurement, and obtain a formula which describes
the characteristic function of the distribution of the transferred
particle number counted with limited resolution. In Sec. III,
we apply the formula to the resonant level model and calculate
the measured current and measured noise analytically. Section
IV gives the numerical calculations of the intrinsic and excess
noises in the thermal equilibrium state and the linear response
of the current. Section V is devoted to the comparison be-
tween theory and experiment. It is clarified that our results
are consistent with the experiments and may account for the
difference between TJN and Tref . A summary and conclusions
of our work are given in Sec. VI.
II. FORMALISM OF CURRENT MEASUREMENT WITH
LIMITED RESOLUTION
In this section, we formulate the two-point measurement
statistics under limited resolutions of steady state current
through a reservoir (lead) in a multi-terminal mesoscopic sys-
tem that consists of a conductor connected to multiple reser-
voirs. The system is described by the following general
Hamiltonian,
Hˆ(t) = Hˆ0 + Vˆ (t), (4)
where
Hˆ0 = Hˆcon +
∑
X=A,B,···
HˆX, (5)
Vˆ (t) =
∑
X=A,B,···
VˆXθ(t). (6)
Here Hˆcon and HˆX read the Hamiltonians of the conductor
and the reservoir X, respectively, VˆX is the hopping matrix
between the reservoir X and the conductor, and θ(t) is the
step function.
The current is observed as the net change of particle num-
ber in the reservoir A from t = 0 to t = T . Before the current
measurement, it is assumed that the conductor is disconnected
for t ≤ 0 from all of the reservoirs, which are in the isolated
thermal equilibrium states with the different chemical poten-
tials. Then, the density matrix at t = 0 is given by
ρˆ(0) = ρˆ0con ⊗
exp[−β(HˆA − µANˆA)]
Tr
[
exp[−β(HˆA − µANˆA)]
]
⊗ exp[−β(HˆB − µBNˆB)]
Tr
[
exp[−β(HˆB − µBNˆB)]
] ⊗ · · · , (7)
where NˆX is the total number operator of the reservoir X that
commutes with HˆX, β ≡ 1/kBT is the inverse temperature
of the system, ρˆ0con is the initial density matrix of the con-
ductor, and µX represents the chemical potential of the reser-
voir X. Since the reservoir A is isolated for t ≤ 0, the par-
ticle number of the reservoir A takes a constant, N0A, which
is the initial particle number of the reservoir A at t = 0:
ρˆ(0)NˆA = N
0
Aρˆ(0). It is noteworthy that any number of chan-
nels of the reservoir and any interaction of the conductor, e.g.
Coulomb interaction, can be dealt with in this model.
Our measurement scheme is a simple extension of that pro-
posed by Esposito, Harbola, and Mukamel4. Note that in Ref.
4, the full counting statistics is reformulated with using the su-
peroperators in Liouville space, that is convenient to the sim-
ple description of the current measurement scheme. We here,
however, use the ordinary operators in Hilbert space for the
convenience of the general readers.
The indirect measurement of current flowing into the reser-
voir A via the induced magnetic field can be described by the
measurement of the number of electrons flowing into reser-
voir A during a measurement time, T . Esposito, Harbola, and
Mukamel calculated the probability that the slight change in
the particle number in the reservoir A during a measurement
time T is equal to k with the following two-point measure-
ment,
PEHM(k; T ) =
∑
l
Tr[Pˆl+kUˆ(T , 0)Pˆlρˆ(0)PˆlUˆ †(T , 0)Pˆl+k],
(8)
where Pˆk ≡ |k〉〈k| is the projective operator of the particle
number operator of reservoir A, NˆA =
∑
k k|k〉〈k|, where k
is the eigenvalue, and Uˆ(t, t′) ≡ T˘ exp [ − i
~
∫ t
t′ Hˆ(t1)dt1
]
reads the time-evolution operator. They showed that the cu-
mulant generating function of PEHM(k; T ) is equal to the one
obtained in the full counting statistics in the case of T Γ ≫ 1.
From the viewpoint of quantum measurement theory, the mea-
surement can be described by the POVM formalism,
PEHM(k; T ) = Tr[DˆEHMk (T )ρˆ(0)], (9)
where the operators DˆEHMk (T ) are the POVM elements de-
fined by DˆEHMk (T ) ≡
∑
l Mˆ
EHM†
k,l (T )MˆEHMk,l (T ) where
MˆEHMk,l (T ) ≡ Pˆl+kUˆ(T , 0)Pˆl. (10)
4In their calculation, the outcome of PEHM(k; T ), k, can
be any integers, which implies that the measurement device
has the function to detect the change of even just one electron
during T . That is, however, not realistic. The ultimately high
resolution is attributed to the part of the projective measure-
ment, Pˆk.
We implement the limitation of the resolution by introduc-
ing smallest detectable number of electrons ∆ and replace Pˆk
with a projection operator Pˆk(∆) defined by
Pˆk(∆) ≡
∫ χk+∆2
χk−
∆
2
dxδ(x − NˆA). (11)
Here, χk ≡ χ0 + k∆ − η. χ0 and η read the zero point de-
viation of the particle-number measurement and the positive
infinitesimal, respectively. Pˆk(∆) satisfies Pˆk(∆)Pˆl(∆) =
δk,lPˆk(∆) and projects a state onto the subspace spanned by
the eigenvectors belonging to the eigenvalues of NˆA which
satisfy χk− ∆2 ≤ NA < χk+ ∆2 . ∆, therefore, represents the
resolution of the particle-number measurement of the reser-
voir A and becomes a scale unit in the outcome.
With using the projection operators, the probability that the
particle number change of the reservoir A during T is equal
to k∆, P(k; T ,∆), is obtained from
P(k; T ,∆) = Tr[Dˆk(T ,∆)ρˆ(0)], (12)
where Dˆk(T ,∆) ≡
∑
l Mˆ
†
k,l(T ,∆)Mˆk,l(T ,∆) are
POVM26,27 elements. The operators Mˆk,l(T ,∆) are defined
by the following equation;
Mˆk,l(T ,∆) ≡ Pˆl+k(∆)Uˆ (T , 0)Pˆl(∆). (13)
Note that although, in this paper, we consider the particle flow
with the two-point measurement statistics with a limited reso-
lution, our definition of resolution is easy to be extended and
can be applied to the measurement of other physical quantities
such as heat current. In that case, the resolution could be more
significant because there is no apriori unit of the measurement.
For the calculation of the average and the variance
of the current, it is useful to consider the characteris-
tic function of the probability defined by M(λ; T ,∆) ≡∑
k exp[iλk]P(k; T ,∆). With some calculations, the char-
acteristic function is written as
M(λ; T ,∆)
=
∞∑
m=−∞
sinc(
λ + 2pim
2
) exp[i2pim
δ
∆
]M0(λ+ 2pim
∆
, T ),
(14)
where
M0(λ; T ) ≡ Tr[Uˆ †(T , 0;−λ
2
)Uˆ(T , 0; λ
2
)ρˆ(0)], (15)
δ ≡ N0A − χ0 mod ∆ (0 ≤ δ < ∆). (16)
Uˆ(t, t′;λ) ≡ T˘ exp[−i/~ ∫ tt′ Hˆ(t1;λ)dt1] is the modified
time evolution operator with the counting field λ where
Hˆ(t;λ) ≡ exp[iλNˆA]Hˆ(t) exp[−iλNˆA], and sinc(x) ≡
sin(x)/x. Note that in the above calculation, we ignore a con-
stant factor of M(λ; T ,∆) which does not affect our final
results.
In Eq. (14), all the detailed information of the target system
is included in M0(λ; T ) that is the characteristic function of
the distribution of the transferred particle number in the ideal
resolution case. Equation (14) represents, therefore, the gen-
eral formula of the characteristic function of the transferred
particle number counted with the limited resolution.
III. APPLICATION TO RESONANT LEVEL MODEL AND
RANDOM AVERAGING
To proceed the concrete calculation, we apply the above
formal result to the resonant level connected to two noninter-
acting reservoirs (see Fig. 1). The Hamiltonian of the resonant
level model which consists of a resonant level ε0 coupled to
two reservoirs A and B is represented by Eq. (4) with re-
placing the terms with Hˆ0 = HˆA + HˆB + Hˆsys, Vˆ (t) =
VˆAθ(t) + VˆBθ(t), Hˆsys = ε0dˆ
†dˆ, HˆX =
∑
x∈X ε
X
x cˆ
†
xcˆx, and
VˆX =
∑
x∈X(tXdˆ
†cˆx +H.c.) for X = A,B. Here, dˆ† creates
a spinless electron with charge e at the resonant level ε0, while
cˆ†x∈X denotes the creation operator of a spinless electron at a
wave numberx in the reservoir X=A or B, with a constant den-
sity of states ρX. The resonant level is coupled to the reservoir
X with a hybridization tX, where the characteristic transport
frequency ΓX is given by ΓX = 2pi|tX|2ρX/~. The chemical
potentials of reservoirs have the different values, µB = eV
and µA = 0, because of the applied bias voltage V between
the reservoirs. We note that though the reservoir A is used for
the two-point measurement, the choice of the reservoir does
not influence our results in this two-terminal case.
To obtain the stationary current distribution, T is assumed
to be much longer than the characteristic time scale of the
electrons determined by Γ−1 ≡ [(ΓA + ΓB)/2]−1 but finite.
This model can be considered as a simple model of a quan-
tum dot coupled to two reservoirs, which is one of the typ-
ical nanosystems where the noise measurements have been
conducted at very low temperatures in the experimental stud-
ies18,20,21. In addition, our model in the equilibrium state with
kBT/~Γ ≪ 1 also describes a single-channel quantum point
contact (QPC)19 where the transmission probability is given
by r/[(ε0/~Γ )2 + 1]. Here, r ≡ ΓAΓB/Γ 2 represents the
coupling asymmetry.
Being described by the forward and backward time-
evolutions obeying the different modified Hamiltonians,
Hˆ(t;±λ/2), M0(λ; T ) in Eq. (14) is adequately evaluated
with using the Keldysh Green’s function method33,34. T Γ ≫
1 is necessary for measuring the stationary current statistics.
The leading time order for logarithm of M0(λ; T ) is evalu-
ated as
lnM0(λ; T ) = T ΓC0(λ) + o(T ) (17)
5where
C0(λ) ≡
∫ ∞
−∞
dx
2pi
ln
[
1 + T (x)
[
(exp[iλ]− 1)[1− fA(x)]fB(x)
+ (exp[−iλ]− 1)fA(x)[1 − fB(x)]
]] (18)
is the cumulant generating function of current obtained with
the Levitov-Lesovik formula1,4. It is noteworthy that the
steady state current statistics is determined solely from the
leading order. Hence we omit the sub-leading order terms that
describe the approach from the disconnected state at t = 0 to
the connected state where the steady state current flows. Here
T (x) ≡ r/[(x−ε0/~Γ )2+1] reads the transmission probabil-
ity of the system, and fX(x) ≡ [exp[β~Γ (x−µX/~Γ )]+1]−1
is the Fermi-Dirac distribution function for the reservoir X.
We then obtain the following asymptotic form of the charac-
teristic function:
M(λ; T ,∆) =
∞∑
m=−∞
sinc(
λ+ 2pim
2
) exp[i2pim
δ
∆
]
× exp
[
T ΓC0(λ+ 2pim
∆
)
]
. (19)
In Eq. (19), M(λ; T ,∆) depends on δ, which means that
we can in principle distinguish each specific initial state with
the ideal resolution. The distinction, however, blurs in actual
experiments. To take into account the actual resolution limit
for initial preparation, we take a simple average over δ for
lnM(λ; T ,∆) as
〈· · ·〉δ ≡
∫ ∆
0
dδ
∆
· · · . (20)
We assume that the δ-averaging appropriately simulates ac-
tual current measurements because it is hardly possible that
the current is repeatedly measured under an identical condi-
tion with a fixed δ. In other words, the δ-averaging of the log-
arithm ofM(λ; T ,∆) is an analogy of the random average in
quenched random systems.
Accordingly, the cumulant generating function of the parti-
cle current in the long time measurement is given by
CI(λ; T ,∆) = ∂〈lnM(λ; T ,∆)〉δ
∂T , (21)
In the case of ∆ = 1, the cumulant generating function in
Eq. (21) is identical to that obtained in the previous study,
CI(λ; T , 1) = C0(λ)4.
Here, we focus on the averaged current I and the noise S
measured by the above measurement scheme. By differentiat-
ing the cumulant generating function CI(λ; T ,∆) in terms of
λ, we evaluate I and S as
I = e∆
∂CI(λ, T ,∆)
∂(iλ)
∣∣∣
λ=0
= I0 + 〈∆I〉δ, (22)
S = e2∆2
∂2CI(λ, T ,∆)
∂(iλ)2
∣∣∣
λ=0
= S0 + 〈∆S〉δ, (23)
where I0 ≡ eΓ∂C0(λ)/∂(iλ)|λ=0 and S0 ≡
e2Γ∂2C0(λ)/∂(iλ)2|λ=0 are the intrinsic current and
the intrinsic noise obtained in the ideal measurement case of
∆ = 1, respectively. I0 and S0 are determined only by the
intrinsic parameters of the system and which satisfy the J-N
relation. The excess terms, attributed to the limited resolution
measurement, can be evaluated as
〈∆I〉δ = 0, (24)
and
〈∆S〉δ = −e
2Γ∆2
2pi2
∑
m≥1
exp
[T ΓCsym0 (2pim∆ )
]Csym0 (2pim∆ )
m2
.
(25)
Here we define Csym0 (λ) ≡ C0(λ) + C0(−λ). Equation
(24) agrees with the naive intuition that the intrinsic current
is correctly obtained for the repeated measurement. Note that
〈∆S〉δ depends on the measurement parameters, T and ∆, as
well as the parameters of the system. From this result, it is
found that the limited resolution does not affect the average
of the current, which means that our measurement scheme is
unbiased. In addition, it is remarkable that the excess noise is
always non-negative,
〈∆S〉δ ≥ 0, (26)
because Csym0 (λ) ≤ 0. These results are general for any V .
In the case of ∆ = 1, since Csym0 (2pim) = 0, the excess
noise obviously disappears in accordance with our expectation
that the measured noise and measured current satisfy the J-N
relation in the ideal case. On the other hand, for large ∆, Eq.
(25) is evaluated as
〈∆S〉δ ≈ e
2Γ∆
2pi2
∫ ∞
0
s(x, T )dx (27)
where
s(x, T ) ≡ −exp
[T ΓCsym0 (2pix)]Csym0 (2pix)
x2
. (28)
Since s(x, T ) is independent of ∆, the excess noise scales
linearly with large ∆.
Here we explain the origin of the excess terms, 〈∆I〉δ and
〈∆S〉δ. These terms can be regarded as the resolution error
because it vanishes at ∆ = 1 and depend on the measurement
parameters and δ. δ ≡ N0A − χ0 mod ∆ represents the de-
gree of freedom for the initial particle number of the reservoir
A hidden in the limited resolution. The vanishing excess cur-
rents and the non-negative excess noise by the δ-averaging,
therefore, mean that the lack of our knowledge of the initial
conditions beyond the resolution makes the cancellation of the
excess current, namely no error on average, and enhances the
measured noise.
Note that essentially the same Equations (22-25) can be
obtained not only for the present resonant level model but
also for general mesoscopic systems which obey the Hamil-
6(a) (b)
FIG. 3: (color online). Equilibrium excess noise 〈∆S〉δ at V = 0 as
a function of temperature for ε0 = 0 and r = 1. The measurement
parameters are fixed at T Γ = 1000 in (a) and ∆ = 10 in (b). The
solid line indicates the equilibrium intrinsic noise, S0/e2Γ .
lnM0(λ; T ) is proportional to T . This assumption is phys-
ically sound when the steady-state exists in the mesoscopic
systems because the transferred particle number during the
measurement time T should be proportional to T for the long
time measurement. The coefficient of the term proportional to
T is given by the cumulant generating function of the steady-
state current measured with the ideal resolution, as shown in
Eq. (17). The assumption is valid even for the quantum dot
systems which include the Coulomb interaction effects35,36
and the electron-phonon couplings.37
IV. NUMERICAL RESULTS IN THE THERMAL
EQUILIBRIUM
Hereafter, we focus on the equilibrium noises and the lin-
ear conductance, G ≡ limV→0 dI/dV = G0, in the reso-
nant level model to discuss the resolution effects on the J-N
relation. For simplicity, S, S0, and 〈∆S〉δ are always as-
sumed to carry the measured, intrinsic, and excess noises at
V = 0, respectively. Figure 3(a) shows 〈∆S〉δ as a function
of temperature T for several choices of ∆. Let us first con-
sider ∆ < 50. With decreasing T , the excess noise 〈∆S〉δ in-
creases and shows a peak at a temperature kBT < ~Γ where
S0 decreases proportionally to T . This means that the ex-
cess noise may appear only at sufficiently low temperatures.
The appearance leads to a difficulty in measuring the intrinsic
noise in experiments. With an increase in ∆, 〈∆S〉δ is en-
hanced, and becomes pronounced even at high temperatures
kBT ≫ ~Γ . The measurement time T also affects 〈∆S〉δ as
seen in Fig. 3(b) where 〈∆S〉δ is suppressed with an increase
in T . The larger T is, therefore, the smaller intrinsic noise we
can access in the experiments.
To investigate the resolution effects on the J-N relation in
more detail, we calculate the ratio of excess and intrinsic
noises which characterizes the deviation from the J-N rela-
tion between S and G, namely 〈∆S〉δ/S0 in Eq. (3), as has
been already shown in Fig 2. Figure 2 illustrates the ratio
〈∆S〉δ/S0 as a function of a single non-dimensional positive
parameter Q = SM/S0 for several choices of (T , ∆). A scal-
ing behavior is found in the deviation from the J-N relation.
All the curves collapse into a single one for Q ≪ 102, that is
described by the exponential dependence
〈∆S〉δ/S0 = A exp[−γ/Q]. (29)
AboveQ ≈ 102, there exists another single-parameter scaling
described by
〈∆S〉δ/S0 = B
√
Q. (30)
Here, A, γ and B are estimated as A = 2, γ = (2pi)2 and
B = 1/
√
4pi from the analytical discussion in the later part of
this section below Eq. (32). Then all the curves saturate at a
sufficiently high Q, the saturated value of which is not univer-
sal but roughly scaled by ∆. The saturation occurs roughly
at the crossing of ∆ and B
√
Q as Q ≈ 4pi∆2. The de-
viation, therefore, becomes serious at low temperatures and
for low conductance which satisfies Q = SM/2kBTG >
(2pi)2/ ln 2 ≃ 56.96 where 〈∆S〉δ/S0 is estimated to be
larger than unity by using Eq. (29). On the other hand, it is
negligible for Q≪ (2pi)2/ ln 2: For instance, it becomes less
than 10−10 for Q < 1. This result means that the direct de-
tectability of S0 in noise measurements with limited resolu-
tion only depends on Q.
The intrinsic distribution of the transferred particles
through a resonant level continuously changes with the change
in the parameters of system, e.g. Gaussian for kBT → 0
in the equilibrium perfect transmission and bi-poissonian for
r → 0 in the equilibrium with ε0 = 035,38. The diversity in the
distributions seems to be, however, irrelevant for the scaling
feature of the deviation from the J-N relation. Our calculation
indeed shows that the same exponential and the square root
dependences represented by the universal coefficients and the
exponent even when we change the parameters of the system,
implying that the scaling behavior is universal not only in this
specific distribution but also in other types of the distributions.
To confirm our conjecture analytically, we use the follow-
ing general cumulant generating function CG(λ),
CG(λ) ≡
∞∑
n=1
κn
n!
(iλ˜)n (31)
where λ˜ ≡ λ + 2pi⌊λ/2pi + 1/2⌋ with ⌊· · · ⌋ being the floor
function. The periodicity of CG(λ) in λ is crucial to ensure the
integer value of the transferred electron number. We assume
that the average and the variance of the distribution are given
by κ1 = I0/eΓ and κ2 = S0/e2Γ , respectively. Substituting
CG(λ) instead of C0(λ) in Eq.(25) for ∆ > 2, we obtain the
following equation,
〈∆S〉δ
= − (e∆)
2Γ
2pi2
∑
m≥1
exp
[T ΓCsymG (2pim∆ )
]CsymG (2pim∆ )
m2
= −e
2
Γ
2pi2
[ ∑
1≤n<∆
2
pi2
sin2(pin∆ )
exp
[T ΓCsymG (2pin∆ )
]CsymG (2pin∆ )
+ δ∆ mod 2,0
pi2
2
exp
[T ΓCsymG (pi)]CsymG (pi)
]
(32)
7where CsymG (λ) ≡ CG(λ) + CG(−λ).
First we derive the exponential form emerging at Q < 1.
Using the expansion Eq. (31), Eq. (32) is given by
〈∆S〉δ
= 2S0
∑
1≤n<∆
2
[1 +O(( n
∆
)2)] exp
[− (2pin)2
Q
[1 +O(( n
∆
)2)]
]
+ δ∆ mod 2,0
S0pi
2
4
exp
[− (pi∆)2
Q
[1− 2pi
2κ4
4!κ2
+ · · · ]]
× [1 − 2pi
2κ4
4!κ2
+ · · · ]
∼ 2S0 exp
[− (2pi)2/Q] (Q≪ 1). (33)
Hence, the deviation from the J-N relation is evaluated for
Q ≪ 1 as Eq. (29) with A = 2 and γ = (2pi)2 as is already
mentioned.
Next we derive the square root dependence for Q ≫ 1.
Since the square root dependence emerges only for ∆ ≫ 1,
we evaluate the sum in Eq. (32) with using the integral as
〈∆S〉δ
≃ −e
2
Γ∆
2pi
∫ pi/2
0
dx
sin2(x)
exp
[T ΓCsymG (2x)]CsymG (2x)
=
2e2Γ∆κ2
pi
∫ pi/2
0
dx
x2(1 − 2κ4(2x)2κ24! + · · · )
sin2(x)
× exp [− T Γκ2(2x)2(1 − 2κ4(2x)
2
κ24!
+ · · · )]
∼ 2e
2
Γ∆κ2
pi
∫ ∞
0
dx exp
[− 4T Γκ2x2] (Q≪ 2pi2∆2)
=
√
SMS0/4pi. (34)
For 1 ≪ Q ≪ 2pi2∆2, the deviation from the J-N relation,
therefore, follows Eq. (30) with B = 1/√4pi. A = 2, B =
1/
√
4pi, and γ = (2pi)2 perfectly agree with our numerical
results (see Fig. 2).
This proof supports that the scaling functions represented
by the exponential dependence Eq. (29) and the square root
dependence Eq. (30) are universal irrespective of the details
of the system. Therefore, this scaling should hold in gen-
eral mesoscopic systems that are described by the Hamilto-
nian (4), e.g. the quantum dot system in the Coulomb block-
ade regime35,36 and in the presence of the energy dissipation
by the electron-phonon coupling37. It also supports our expec-
tation that the scaling does not directly depend on the internal
system parameters specific to the present model.
In the following, we see the ε0 and r-dependences of the
conductance G, the intrinsic noise S0, and the excess noise
〈∆S 〉δ in Fig. 4. It is seen that all these transport quanti-
ties are strongly dependent on ε0 and r. Since G and S0 are
only determined by the system parameters, the characteris-
tic temperature of those quantities is given by ~Γ/kB. For
kBT/~Γ ≪ 1, G takes a constant value and S0 shows a sim-
ple linear dependence on T expected from the J-N relation.
While, 〈∆S 〉δ shows a strong temperature dependence even
(a) (b)
G G
FIG. 4: (color online). Conductance G, intrinsic noise S0, and ex-
cess noise 〈∆S〉δ as a function of temperature T . The measurement
parameters are fixed at T Γ = 1000 and ∆ = 10. r = 1 and several
choices of ε0 are used in (a), and ε0 = 0 and several choices of r are
used in (b). The insets show the enlarged plots of S0/e2Γ .
for kBT/~Γ ≪ 1 because it also depends on the measure-
ment parameters, T and ∆.
Though it is seemingly difficult to find the universal relation
between the transport properties for the different values of ε0
and r, the scaling behavior is again confirmed even in the case.
In Fig. 5(a), it is also found the universality of the exponential
form for Q ≪ 102. The saturation value of the deviation at
high Q stays at the order of ∆ but weakly dependent on the
system parameters. Figure 5(b) shows the ∆ dependence of
the saturation value at sufficiently high Q ≫ 4pi∆2, where
the lower bound of the saturation value is found,
lim
Q→∞
〈∆S〉δ/S0 ≥ ∆− 1. (35)
Hence, S is always larger than S0∆ in the limit of Q→∞.
V. COMPARISON BETWEEN THEORY AND
EXPERIMENT
In this section, we estimate realistic and presently acces-
sible measurement parameters, T and ∆, from an available
measurement device. In our two-point measurement scheme,
the current is obtained by measuring the net transferred par-
ticle number within the measurement time, T . Although the
averaged current is precisely measurable for any choice of the
parameters as discussed above, the rigorous value is obtained
only when the average is given from the measurement per-
formed infinitely many times. When we consider the case of
a single measurement, however, the measurement parameters
should give a limit of available information about the current.
If the current is fluctuating with a frequency f , the de-
tectability of the current must be crucially dependent on the
measurement time T . For 2f > T −1, we hardly obtain the
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FIG. 5: (color online). (a) Ratio of excess and intrinsic noises at
V = 0, 〈∆S〉δ/S0, as a function of Q ≡ SM/S0 where SM ≡
(e∆)2/T for several choices of (ε0, r). T = 1000 and ∆ = 10
is used for calculation. The black solid line indicates the universal
exponential A exp[−γ/Q], with A = 2 and γ = (2pi)2. The inset
shows the linear dependence of the logarithm of the ratio on Q−1.
(b) Saturation value of the ratio of noises. The dashed line represents
the lower bound of the saturation value.
signal from the single measurement because the net trans-
ferred particle number within T is almost zero in our model.
Therefore, we estimate the measurement time from the max-
imum detectable frequency in the actual single measurement,
fmax, as T = (2fmax)−1. In addition, the amplitude of
the sinusoidal current with a frequency, fmax, is important
for the detectability. ∆ specifies the detectable difference
of the particle numbers at the initial and final states in the
two-point measurement. If the net change of the number
is less than ∆, we have no meaningful signal in the single
measurement. Hence, the minimum amplitude of the de-
tectable sinusoidal current Imin, with the frequency of fmax
in the single measurement may give the estimation of ∆ as
∆ =
∫ T
0 Imin sin(2pifmaxt)dt/e = Imin/epifmax.
In the actual measurement of current through a mesoscopic
device, the signal of current is enhanced via an amplifier be-
cause it is too weak to be directly measured with normal am-
meters. Amplifiers have two significant parameters: The max-
imum detectable frequency, famp, and the input current noise,
in, which has the dimension of A/
√
Hz. Since the precision
of the current measurement is limited mainly by amplifiers,
we connect our model parameters with those of an amplifier.
Since the maximum frequency of the detectable current, fmax,
is supposed to be given by famp, the measurement time is es-
timated as
T = (2famp)−1. (36)
The input current noise limits the amplitude of the detectable
current. To obtain meaningful information in a single mea-
surement, the input sinusoidal current with a frequency of
famp must have the amplitude larger than in
√
famp, which
(a)
(b)
Intrinsic
Measured
FIG. 6: (color online). (a) Current noise at V = 0 as a function of
temperature T . The parameters are ~Γ/kB = 1K, ε0 = 0, r = 1,
T = 1µs, and ∆ = 130, which leads SM = 0.43 (10−27A2Hz−1).
The dashed line indicates the fitted line for the measured noise from
50mK to 100mK, aT + b. a = 1.00 (10−27A2Hz−1K−1) is
slightly smaller than the expected value for the intrinsic noise at low
temperatures, 2kBe2/h ≃ 1.07 (10−27A2Hz−1K−1). b = 3.93
(10−30A2Hz−1). (b) Noise temperature TJN plotted versus T . The
parameters are the same as those in (a). The solid line shows
TJN = T .
leads to Imin = in
√
famp. Hence, we estimate ∆ as
∆ = in/epi
√
famp. (37)
More concretely, we estimate T and ∆ from the amplifier of
CA-554F2 manufactured by NF Corporation in Japan. CA-
554F2 is one of the best amplifiers on the market, which has
famp = 500KHz and in = 45fA/
√
Hz. Substituting these
parameters into Eq. (36) and Eq. (37), we obtain T ≃ 1µs
and ∆ ≃ 130.39
In Fig. 6(a), the measured and intrinsic noises are plot-
ted versus the temperature for realistic model parameters,
~Γ/kB = 1K, ε0 = 0, and r = 1. Note that for T ≪ 1K, the
model effectively describes the single channel QPC with per-
fect transmission. We use T = 1µs and ∆ = 130. At temper-
atures higher than 50mK, S shows a clear linear dependence
on temperature and takes nearly the same value as S0. While,
S deviates form S0 and makes a hump at lower temperatures
below 50mK. These features are qualitatively consistent with
the experiment19.
Finally, we show the noise temperature in the realistic con-
ditions. Because the noise temperature,TJN, is explicitly writ-
ten as
TJN ≡ S/2kBG = T (1 + 〈∆S〉δ/S0), (38)
it is always larger than the thermodynamic temperature, T .
Figure 6(b) shows TJN as a function of T for the same param-
eters as those in Fig. 6(a). The disagreement of TJN with T
appears below 50mK, which is also consistent with the exper-
iments19,24,25. This result indicates that the intrinsic temper-
ature may not be obtained in the Johnson noise thermometry
at very low temperatures even if TJN ≃ Tref holds at higher
temperatures.
9Q=SM/S0=SM/2kBTG
Departure From the Johnson-Nyquist Relation<ΔS>δ/S0=S / 2kBTG -1
(2π)2/ln2 4πΔ21
2exp[-(2π)2/Q] Constant√Q/4π
FIG. 7: (color online). Schematic illustration of departure from
Johnson-Nyquist relation for a large ∆ ≫ 1. The universal depar-
ture starts at the essential singular point of the exponential function,
2 exp[−(2pi)2/Q], which followed by the square root dependence√
Q/4pi.
VI. SUMMARY AND PROSPECT
We summarize our findings as schematic in Fig. 7, where
the universal departure from the J-N relation is characterized
by the single parameterQ. Moreover, the departure starts with
a universal function characterized by an exponential form,
2 exp[−(2pi)2/Q], when the ideal resolution becomes lost
from Q = 0 where the function has the essential singular-
ity. Then, it is followed by the square root growth,
√
Q/4pi.
In addition to the present proposal, there exist other possi-
ble scenarios to explain the experimental anomalous noise en-
hancement including the heat leak. The smoking gun to prove
our proposal is whether the scaling behavior is satisfied or
not. It is desired to test in experiments. In this paper, we
have focused on the J-N relation within the linear response.
Even for the nonlinear regime, similar puzzles of the deviation
from the fluctuation theorem24 and the discrepancy of the shot
noise between theory and experiment are known21. The reso-
lution effects may also give us a clue to resolve them. More
generally, our results may propose the necessity of amending
naive accounts of resolution effects in widespread instruments
based on the fluctuation-dissipation theorem such as nuclear
magnetic resonance, X-ray scattering, neutron scattering, and
photoemission.
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